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Abstract. A class of generalized coherent states with a new type of the identity resolution 
are constructed by replacing the labeling parameter z" / \/n\ of the canonical coherent states by 
Meixner-PoUaczek polynomials with specific parameters. The constructed coherent states belong 
to the state Hilbert space of the Gol'dman-Krivchenkov Hamiltonian. 



1 Introduction 

Coherent states are mathematical tools which provide a close cor\nection between classical 
and quantum formalisms and have essentially many definitions. In general, coherent states are 
a specific overcomplete family of vectors in the Hilbert space of the problem that describes the 
quantum phenomena and solves the identity of this Hilbert space lU. 

The canonical coherent states for the harmonic oscillator have long been known and their 
properties have frequently been taken as models for defining the notion of coherent states for 
other models ll^jS]. 

In this paper, we are concerned with the model of the Gol'dman-Krivchenkov Hamilton- 
ian acting on the Hilbert space of square integrable functions on the positive real half-line. 
We, precisely construct a family of coherent states labeled by points of the whole real line, de- 
pending on some parameters and belonging to the state Hilbert space of this Hamiltonian. To 
achieve this, we will adopt a formalism of canonical coherent states when written as superpo- 
sitions of the harmonic oscillator number states. That is, we present our generalized coherent 
states as a superposition of an orthonormal basis of the state Hilbert space of the Gol'dman- 
Krivchenkov Hamiltonian, whose identity is solved by a new way. We choose the Meixner- 
Pollaczek polynomials to play the role of coefficients in this superposition. This choice enables 
us to present the constructed states in a closed form. 

The paper is organized as follows. In Section 2, we recall briefly some needed spectral prop- 
erties of the Gol'dman-Krivchenkov Hamiltonian. Section 3 is devoted to the coherent states 
formalism we will be using. This formalism is applied in Section 4 so as to construct a family 
of coherent states in the state Hilbert space of the Hamiltonian we are dealing with. In Section 
5 we conclude with a summary. 

2 The Gol'dman-Krivchenkov Hamiltonian 

An anharmonic potential that can be used to calculate the vibrational energies of a diatomic 
molecules has the form 

n«(?):=«(^-f)' (2.1) 

where kq > denotes the equilibrium bond length which is the distance between the diatomic 
nuclei, and Q > with F = QKq'^ represents a constant force. The associated stationary 
Schrodinger equation reads 

- + ^ - f = ^^i^)' (2-2) 
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with xp{0) = 0, namely xp satisfies the Dirichlet boundary condition. It is an exactly solvable 
equation. Indeed, according to [7, p. 11288], the energy spectrum is given by 



4KQ^^(^m + ^ + ^(^^Jl+4^Q-2Ko^^y m = 0,1,2,- •• (2.3) 
whereas the wave functions of the exact solutions of Eq. jl.l} take the form 

< e I xpT >oc^^exp [-^e) iFi (-m,^ + l,^^2) , (2.4) 



where q = j (^1 + yl +4:()KQj and iFi (.) denotes the confluente hypergeometric function 
which can also be expressed in terms of Laguerre polynomials as ||8j p. 240]: 



m! 



iFi (-m,^ + l,M) = (2.5) 

)m 

in terms of the Pochhammer symbols 

(fl)o = 1, = + 1) - - ■ (fl + m - 1) = m = l,2,---. (2.6) 

To simplify the notation, we introduce the new parameters a := qKq and j6 := Kq^^, and 
thereby the Hamiltonian in Eq. (|2.2|l takes the form 

^«^/?-=-;^ + iS'^' + ^' ^eR+,/3,iV>0 (2.7) 



called Gol'dman-Krivchenvov Hamiltonian ([7', p. 11288]). Its spectrum in the Hilbert space 
d^) reduces to a discrete part consisting of eigenvalues of the form ([9i pp. 9-10]): 



A;i:;^=2/3(2m + 7(a)),7 = 7(a) = l + ^v/TT4^ ,m = 0,1,2, -•• , (2.8) 
and wavefunctions of the corresponding normalized eigenfunctions are given by 

<^\^'^''>--= (fTfT^)'^"^^"^''^^'""'(^^')' - = 0'1'2,-.. (2.9) 

The set of functions in (2.9) constitutes a complete orthonormal basis for the Hilbert space 
L2(]R+,d^). 

Remark 2.1. We should note that the eigenvalues in (2.8) together with their eigenfunctions 
could also be obtained by using raising and lowering operators throughout a factorization of 
the Hamiltonian A^,^ in (2.7) based on the Lie algebra sm(1, 1) commutation relations llTOl pp. 
3-4]. 

3 A COHERENT STATES FORMALISM 

In this section, we adopt a new generalization of the canonical coherent states, which extend 
a well known generalization ( ITTl p. 4568]) by considering a kind of the identity resolution that 
we obtain as a limit with respect to a certain parameter. Precisely, we propose the following 
definition: 

Definition 3.1. Let Jibe a separable Hilbert space with an orthonormal basis {tp„}^^Q . Let D CL Cbe 
an open subset ofC and let : D — )-C, n = 0, 1, 2, - - - be a sequence of complex functions. Define 

I z,£ >:= (N,(z))-2 ^ z G 2), e > 0, (3.1) 

n=0 V^^ei") 
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where Ni;{z) is a normalization factor and ai^{n) , n = 0,1,2,- ■ ■ a sequence of positive numbers depend- 
ing on £> 0. The set of vectors { \ z,e >,z €^ D} is said to form a set of generalized coherent states if: 
(i) for each fixed e > and z G D, the state \ z,e> is normalized, that is < z,e\ z,e >y,= 1, 
(zi) the states {| z,£ >,z G D} satisfy the following resolution of the identity 

lim / \ z,e X z,e\ d}ii^{z) = !■}{ (3.2) 

2) 

where djif: is an appropriately chosen measure and 1-^ is the identity operator on the Hilbert space T-L. 

We should precise that, in the above definition, the Dirac's bra-ket notation | z,e >< z,e \ 
means the rank-one-operator cp i — >< cp \ z,e >^| z, e >, cp G "H. Also, the limit in (z'f) is to be 
understood as follows. Define the operator 

0,[cp] (■) := I z,£ X z,e I d^z)^ M (") (3-3) 

then the above limit (3.2) means that [<p] (■) (p {■) as e 0+, almost every where with 
respect to ( ■ ) . 

Remark 3.1. The formula (3.1) can be considered as a generalization of the series expansion 
of the canonical coherent states 

|z>:= (gN ) ^ ^ |<|,„>,zGC (3.4) 



n- 



with (pn, n = 0, 1, 2, • • • being an orthonormal basis in (R, dQ of eigenstates of the harmonic 

oscillator, which is given by the functions ^n{V) •= {\/7i2"n\) ^ e^5^^H„(^) where H„{-) de- 
notes nth Hermite polynomial (HI p. 249]). 

4 Coherent states attached to A^^^ 

As announced in section 1, we now will construct a set of the normalized states labeled by 
points X G R and depending on the parameters: 9 G ]0, 7r[,7 > l,/3 > and e > 0. These 
states will be denoted | x, e >0,-y,^ and will belong to L^(R+,<i^) the state Hilbert space of the 
Hamiltonian Aa,^ in (2.7). 

Definition 4.1. Define a set of states {\ x,e >6,'r,^)y-^^ labeled by points x G R and depending on the 
parameters 0g]O, 7r[,7>l, j6>0 and e > Oby 



(4.1) 



with the precisions: 

•A/'e,7,^,£ (x) is a normalization factor such that e,-^,^ < x, e | x, e >e,^,^= 1 
(-7) 

•Pm^ (^/ G) the Meixner-Pollaczek polynomials given by 

pL'^\x,e) = il}^e'"''2F,i-m,l + ix,j,l-e-''') (4.2) 



where 2^1 (•) denotes the Gauss hyper geometric function. 

equences of positive nut 

at\m) := {miy' (7),„e''^(''"+^'^ (4.3) 



•(jf (m), m = 0, 1, 2, ■ • • , are sequences of positive numbers given by 



4 Z. MOUAYN 

with 7 = 7(a) = 1 + ^Vl + 4a 

• I V'm'^ >/ = 0, 1,2, • • ■ , zs i/ze orthonormal basis of L^(K^,d^) given in (2.6) 

We shall give the main properties on these states in the following three propositions. 

Proposition 4.2. Let 6 G ]0, 7t[,7 > 1 and e > be fixed parameters. Then, the normalization factor 
in (4.1) has the following expression: 

.^ [l-e-'^l^+^^'f /l .1 . -4e-4^/'sin2 0\ 

^e,,U-) = x.f, (^-7 + z.,-7 + zx,7;^^--^j (4.4) 

for every x G R. 

Proof, calculate the normalization factor, we start by writing the condition 
Eq.(4.5) is equivalent to 

Inserting the expression (4.3) into Eq.(4.6) , we obtain that 



m=n o-y'(m) V / 



Ar,,,,(x) = £ (e-^^^)"' fpi^^\x,0)y (4.7) 

m=0 W jm ^ ^ V / 

Next, we make use of the following identity ( IIT2l p. 527]): 

f^^rri^-'^ {x,e,) P,(,^^) {y,e,) = (l - pe^^'^-'^))''''''' (l - (4.8) 

m=0 V ' z"' 

/ ;m ^^ '^+'y A .1 • —4u sin 01 sin 09 \ 



2 ' ' ' 2 ' ' "' (1 - ^eKe2-0i)) (1 _ ^e'(ei-e2)) y 
for 01 = 02 = ^ = y arid p = e^^^^. Then, we arrive at the result 

This ends the proof. □ 

Now, we will present a closed form for the constructed generalized coherent states as fol- 
lows: 

Proposition 4.3. Let 6 G ]0, 7r[,7 > 1, /3 > Oande > be fixed parameters. Then, the ivave functions 
of the states \ x, e ye,^,^ defined in (4.1) can be written in a closed form as 

<g|x,6>,,,,= ^^ ( ;_^_,,,_,, ) (A/-,.,,.(x))- (4.10) 

12/^1 + \ \ / 7 . . 2/jB^2 sin 0e-2/5£ \ 



X exp (-1/3^^ { \1U^Z )) XI ^1 (i + -'-^^ 

/or eyery ^ G 1R+. 
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Proof, start by writing the expression of the wave function of states | x,£ >e,j,^ according to 
definition (4.1) as 

<^\x,e >e,y,^= {Afg,jM^))-' E "^---^ < ^ I e K+. (4.11) 
We have thus to look for a closed form of the series 

S{^) := E } ' ^ < ^ I ^'f > (4.12) 

which also reads 



m=0 V (7jm 

-|-00 / ( /I \ 



,-£/3(2m+7(a))p(2T)/ / ;r i ,,,7,/i 



m- 



polynor 

Gauss hypergeometric function as given in (4.2), then Eq.(4.14) takes the form 



(h) 

Replacing the Meixner-PoUaczeck polynomial P,„ (x, 0) by its expression in terms of the 



SiO = e-^^^(^) E 4^ (e-'f^^^-')'" 2Fi{-ml + ix,j,l-e-''% < ^ | xp^J > (4.15) 
m=o vm! V / 2 

Put T := e-2/iE+/0^ = g-2/ie ^ ThenEq.(4.15) becomes 



m=0 



Replacing the wavefunction < ^ | xp^f > by its expression in (2.9), we get that 



5(0 = e-^-^e^) £ V^T'"2Fi(-m,| + /x,7,l-^'-'''') (4.17) 
m=0 V?«! 2 



2pm! N ^ 



r(7 + m) 

Now, we summarize up the above calculations by writing 



< ? I x,e >g,,,f,= ^^e-^P^ [Me,,,f,, (x))"^ ^-^e-^^^^e^'J'^O (4.18) 

vr(7) 

where 

^= E T-2ri(-m,2 + /^,^,i_,-2..)L(ri) (^^2) (419) 
Next, with the help of the generating formula ll3l p. 213]: 

^ f 2Fx{-n,c,\^v;y)L^:\u) = (1 - f)"'+'"' (1 - ^ + yf)"' (4-20) 



n=0 



, -ut \ ( ^ yut 
exp iFi c,l + v. 



for t = T,n = m,c 
series (4.19) as 
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^ + ix,y = 1 — e , 1/ = 7 — 1 and u = fi^ ,we obtain an expression of 



©If (0 = (1-T) 



1 — e T I exp ' 



1-T 

xexp(-f^),R 



(4.21) 



Finally, we arrive at the following expression of the wave functions 



< ^ \ X,£ >e,y,l} 



ym) 



1 _ e-2/3£+ie 



7 / 1 _ g-2^£+!0 

1 _ g-2^£-ie 



(4.22) 



1..7 /l + e-2/^?+'e\ 



\l — g-2^£+/0 



This ends the proof. 



□ 



Proposition 4.4. The states | x,e >=| x,£ >g^y^^,x G IR satisfy the following resolution of the identity 



^lim y" I x,£ >< e,x I d^ig^^^x) = lL2(R+,d?) 



(4.23) 



zii/zere 1^2 (k^ ,^^-) zs t/ze identity operator on the Hilbert space (R+, d^) and duQ^^^x) is a measure 
on R with the expression 



(2 sine) 



7-1 



ji7 (7) cosec(0)" 

■^0,7,^,£(^) being the normalization factor given in proposition (4.1). 
Proof. Let us assume that the measure takes the form 



r ( I + ix 



dx, (4.24) 



(4.25) 



where ,y(x) is an auxiliary density to be determined. Let f G L2(R_|_, dQ and let us start by 
writing the following action 



^e,7,iiA(p\ ■= \x,e><x,£\ diie,j,iiA^)^ if] 

= J < f \ X,£>< X,£ \ d}l0^^^fiAx) 



(4.26) 
(4.27) 



R 



CLASS OF COHERENT STATES WITH MEIXNER-POLLACZEK POLYNOMIALS 



We make use of the definition of | x, e > given in (4.1) : 

xpy) < x,£\ d}ie,^,p,A^) 



R 



+0O pi^y)/^ g\ 1 



(4.28) 
(4.29) 



- E 



(4.30) 



Replace djiQ^^^^^x) = A/'9,^,^,£(x)Y0 ,y(x)dx, then Eq. (4.30) takes the form 



',7,/5,£ - E 
m,;'=0 



R 



Then, we need to consider the integral 



YQ^Ax)dx 



tpnf >< ^J'^ 



lm,j{e,^,e) := j pl'}"'\x,e)p\'^"'\x,e)Ye,Ax)dx 



(4.31) 



(4.32) 



R 



We recall the orthogonality relations of the Meixner-PoUaczek polynomials ( IIT4l p. 764]): 

/ p^\x,e)P]^\x,e)c.. {x,e)dx = I(2}^±J^^,^. (4.33) 



R 



where 



This suggests us to set 



7rcosec(0) 



wi Jx,e) 



Therefore, (4.32) reduces to 



r(7) cos ec{6) 



ml 

which means that the operator in (4.31) takes the form: 

+00 2 



E 



(7)m 1 



'0 ^- crr{m) 



^If >< ^7/ 



Recalling the expression 



we arrive at 



-1-no 



Oe,^A(p\ = E ^ 

m=0 



(4.34) 

(4.35) 
(4.36) 

(4.37) 
(4.38) 

(4.39) 
(4.40) 
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For u G R+, we can write 

+ 00 

Oe,yA<P]iu) = E e-^f'^^"^^^^' < cp I xp^J > xp^l^u) (4.41) 

= E / <p(?)^;};^(?)rf? (4.42) 

„ I +00 \ 

= / <P(?) E e-^^^'^'^'^^^'^li^lWJW) (4.43) 
V-^^o / 

We are then lead to calculate the sum 

+ CO 

Qt'^ {u,l) := E e-'^^^'^^^^^fJiOfJiu). (4.44) 

For this we recall the explicite expression of the wavefunction xpm\^) in (2.9). So that the above 
sum reads 

Eq. (4.45) can be rewritten as 

g^'f^ [u, = e-2/^T^2/3T {u^y-'^ e-W+^')K (g-^/^^; u, ^) (4.46) 
where we have introduced the kernel function 

K{p;u,0 := E {^u^) L^'' ^ ,0<p<l. (4.47) 
Returning back to Eq. (4.43) and taking into account Eq. (4.47, we get that 

Oe,^A<p] (") = ip-^e-^^hP-h-'^f^^^' J ^^-h-'^K'K {e-^f'^^u^^e) (4-48) 



We split the right hand side of Eq. (4.48) 

Oe,^M (") = '?M,^(")M [(p\ {u), (4.49) 

where 

M[(p](M) = ^l6"^7-l J K{p;iv,s)h{s)s^-^e-'ds, (4.50) 



with w := fiu^, and 



/j(s) := s-2T+ie5> (^-^v^j . (4.51) 
By direct calculations, one can check that h ^ s'^^^e^^ds) . Precisely, we have that 

2v^lkll L2(R+) 

(4.52) 



CLASS OF COHERENT STATES WITH MEIXNER-POLLACZEK POLYNOMIALS 



9 



We are now in position to apply the result of B. Muckenhoopt ITSi who considered the Poisson 
integral of a function f E U (IR+, s'le^^ds) ,?/>— 1, l<p< +00 defined by 



-j-00 



A[f]{p,w) := j K{p,w,s) f {s)s'^e-'ds,Q < p <l (4.53) 


with the kernel K{p,w,s) defined as in (4.47) . He proved that limp^i- A [/] {p,x) = f{x) 
almost everywhere in [0, +00 [, 1 < p < 00. We apply this result in the case p = 2, f = h and 
A = M to obtain that 

M[(p]{u) ]^^-h-\h[^u^) = j6-5T+lM-T+5e5/'"'(p(M) (4.54) 

Recalling that p = e^^^*, we get that 

^e.i.eW] (^0 = %7,£(")'M^ W] (") Vi^) as £ ^ 0+ (4.55) 

which means that 

\ = '^L^R+M). (4-56) 

R 

This ends the proof. □ 



5 Summary 

We have been a concerned with the model of the Gol'dman-Krivchenkov Hamiltonian acting 
on the Hilbert space of square integrable functions on the positive real half-line. We have con- 
structed a family of coherent states labeled by points of the whole real line, depending on some 
parameters and belonging to the state Hilbert space of this Hamiltonian. We have adopted a 
generalized formalism of canonical coherent states when written as superpositions of the har- 
monic oscillator number states. That is, we have presented our generalized coherent states as 
a superposition of an orthonormal basis of the state Hilbert space of the Hamiltonian. The 
Meixner-Pollaczek polynomials have been chosen to play the role of coefficients in this super- 
position. This choice enables us to present the constructed states in a closed form. The state 
Hilbert space identity is solved by an new way as a limit with respect to a certain parameter 
by exploiting the results of B. Muckenhoupt on Poisson integrals for Laguerre expansions. The 
obtained result will lead to investigate the class of special functions and orthogonal polynomi- 
als that could play the role of coefficients in the series expansion of coherent states together with 
the class of functions that could be considered as number states for a certain Hamiltonian in a 
such way that the present procedure works. 
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